
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



120 



QUESTIONS AND DISCUSSIONS. 



[Mar., 



In the second discussion Professor Reynolds outlines a method for teaching 
the mathematics of investment without the use of the geometric series. In view 
of the recommendation of the National Committee on Mathematical Requirements 
that this subject should be studied (by election) in the Secondary School, 
these suggestions will be of interest to others besides college teachers. 

I. A Method of Deriving Formulae for the Expansion of 
sin (x + y) and cos (x + y). 

By H. E. Webb, Central High School, Newark, N. J. 

For some time past the writer, in beginning with his classes the subject of 
plane trigonometry, has defined the sine and the cosine of a number as lines in 
a unit circle (the number being measured in linear units on the circumference), 
while the tangent and cotangent are defined as the ratios of these to each other, 
and the cosecant and secant as their respective reciprocals. At a later stage 
these functions are related to ratios between the sides of a right triangle, when 
the number is less than ir/2, and are regarded as functions of the central angle 
which intercepts the arc. 1 This procedure has numerous advantages, among 
which may be mentioned the presentation of a clear idea of the limiting cases, 
and of the nature of the discontinuity of the four functions last named; an early 
acquaintance with "radian measure"; an escape from the necessity of two sets of 
definitions, one for the acute angle and the other for other angles; and the 
opportunity for presenting clearly the notions of negative angles and of positive 
angles in excess of 180°. 

In line with this general plan, the following development of the expansion of 
sin (x + y) and cos (x + y) is presented, with the apology that it has not, to 
the knowledge of the writer, previously appeared in printed form. 
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Fig. 



Fig. 2. 



The radius of the circle is in each case unity. The notation of the figures 
is self-explanatory. From similar triangles, two proportions can be set up in 
each of the cases sin (x + y) and cos (x + y). For the case of sin (x + y), 

k/cos y = sin z/cos x, (1) 

1 This plan follows an outline of the subject by Professor C. O. Gunther, of Stevens Institute 
of Technology. 
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and 

sin (x + y)l(Jc + sin y) = cos xjl. (2) 

These are combined into the equation 

. , , N / sin x cos y . . \ 
sin (x + w) = cos a; I + sin y j 

\ COS X J 

= sin x cos j/ + cos x sin ?/. 
Z/sin y = sin a:/cos x, (3) 



Also 



and 
whence 



cos (x + y)/ (cos y — I) = cos x/1 ; (4) 

, , , / sin x sin y \ 

cos (a; + y) = cos a; cos y ] 

\ * cos x ) 

= cos x cos y — sin x sin ?/. 

In figure 2, since cos (a; + y) is negative and cos y is less than I, the relation 
(4) still holds. 

The development of sin (x — y) is obtained by substitution as 



cos (ir/2 — x — y) = cos (tt/2 — a; + y), 

and so for cos (x — y). 

It is assumed above that x and ?/ are in all cases positive and less than ir/2. 
If either or both are greater, the functions can be transformed by substitutions 
for x of t ± x' or of 2w — x', or for y oi ir ±y' or of 2-ir — y', obviating the 
necessity for any geometric proofs other than those given, to make the formulse 
general. 

These proofs have the advantage of showing graphically the relative values 
of the various functions involved. 

Remarks by A. A. Bennett. 

The Greeks had a strong hold of the notion of what the modern physicist has 
rediscovered under the title of "dimensions." For Euclid, the product of two 
line segments was necessarily measured in terms of area. The physical character 
of the measurements was at every stage so conspicuously in the consciousness 
that purely arithmetical studies fared ill. The discovery of Analytical Geometry 
shows, perhaps, the originality of genius more obviously in the following feature 
than in any other, — Descartes was willing to adopt the consequences of permitting 
the product of two quantities, each of which was laid off as a segment of a line, 
to be itself so expressed. In short, he was willing to grant a spatial representation 
to pure numbers. Since that time, mathematicians have learned much that 
requires mental contortions. Many obvious theorems are now known to be 
false and many time-honored terms have been generalized beyond all recognition. 
Fortunately, however, any convention must stand upon its own merits and 
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vindicate its right to adoption. Are we prepared to accept a convention that 
makes trigonometry deal with six fundamental quantities, of which sines and 
cosines are line segments, tangents and cotangents are pure numbers, and secants 
and cosecants are the reciprocals of line segments — and consequently of dimension 
minus unity, whatever that may mean? As for the angles on which the whole 
discussion is conceivably based, why, they do not appear at all; these are all 
functions of abstract numbers. Is not the relation, sin 2 x + cos 2 x = 1, worth 
preserving, when the symbol 1 stands, as it ought, for a pure number? These 
harsh remarks are, of course, no reflection on the interest offered by the method. 

II. The Derivation op Formulae in the Mathematics of Investment. 

Br C. N. Reynolds, Jr., West Virginia University. 

In teaching the mathematics of investment most of us base the derivation 
of the formulae for annuities upon formulas concerning geometric series which are 
but faint memories in the minds of most students. Although this links the 
students' work with their preparatory school work, personal experience in 
teaching this subject has convinced me that we should make the mathematics of 
investment an independent mathematical discipline based upon concepts of its 
own. 

In particular I would suggest the adoption of the following fundamental 
concepts: 

(1) The accumulated value of one dollar at the end of n years; 

(2) The discounted value of one dollar due at the end of n years; 

(3) The present value of a perpetuity of one dollar; 

where money is supposed to be worth 100 i% per annum compounded annually. 

I would suggest that the formula? for these quantities be made to play the 
r61e of definitions. The definition of the present value of a perpetuity as 1/i 
could be justified by the fact that if a man deposits 1/i dollars in a bank which 
pays 100 i% interest per annum, he receives in return a perpetuity of one dollar 
per annum, provided that he and his heirs draw the interest from the bank as 
soon as it falls due. Similarly the other formula? could be justified. 

Having introduced these definitions, an annuity can now be treated as the 
difference between two perpetuities. For example, the present value of an 
annuity of n annual payments of one dollar each will be the present value of a 
one dollar perpetuity minus the discounted value of a perpetuity beginning 
after n years, i.e., 

1 1 n . „-n-» _ 1 - (1 + *T" 



a. 



if] = - — - (1 + i)~ 



Similarly all the other formula? of the mathematics of investment can be derived 
from the three formulae mentioned above. 



